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Mending ρpipi vertex through the pia1 diagonalization
A. A. Osipov
Joint Institute for Nuclear Research, Bogoliubov Laboratory of Theoretical Physics, 141980 Dubna, Russia
The problem of the strong momentum dependence of the ρpipi-vertex in the extended Nambu –
Jona-Lasinio model is solved by an appropriate choice of fields for spin-1 particles. A corresponding
phenomenological Lagrangian is derived. As straightforward applications, the decay widths of ρ →
pipi, and a1 → ρpi transitions are calculated and compared with known empirical data and previous
theoretical estimates.
I. INTRODUCTION
The πa1 diagonalization is a standard procedure in the
majority of the effective meson Lagrangians with spin-0
and spin-1 states. It is generally accepted that such lo-
cal chiral Lagrangians arise as a result of the underlying
quark-gluon dynamics [1–3] in the largeNc limit of QCD,
where Nc is the number of colors. They can also be con-
structed on pure symmetry grounds by using different
frameworks [4–16]. Through the πa1 diagonalization one
introduces the real physical axial-vector field a′1µ, cor-
responding to the IG(JPC) = 1−(1++) a1(1260)-meson,
and fixes its chiral transformation laws. The simplest re-
placement can be written as a1µ = a
′
1µ + k∂µπ, where k
is a constant, and π is a pion field. Our recent studies
[17–19] have shown how its explicit form influences the
transformation laws of spin-1 fields.
There is a widely known difficulty with this re-
placement: upon proper diagonalization so-called non-
minimal (higher derivative) terms enter the ρππ vertex
generating an unwanted strong momentum dependence
of the fρpipi(l
2, q21 , q
2
2) coupling, i.e. fρpipi(m
2
ρ, 0, 0) =
3
4fρpipi(0, 0, 0) [20], where l, q1, q2 are the 4-momenta of
the ρ-meson and of the two pions. This, of course, dis-
agrees strongly with the successful ideas of ρ-universality,
KSRF relations, and with the experimental data. To re-
solve the problem one usually adds new higher derivative
terms to the effective meson Lagrangian so as to can-
cel the unwanted strong momentum dependence of fρpipi
[13, 15].
Although this is most probably the way out of the
problem, the scheme is not applicable to the NJL model.
The reason is that in the NJL model the meson vertices
come out of explicit calculations of one-quark loops [11],
or equivalently, from the heat kernel expansion of the
chiral quark determinant [12]. Thus, there is no way to
insert some non-minimal meson vertices ”by hand”. On
the other hand, it is known that all chiral Lagrangian ap-
proaches aimed to incorporate the spin-1 mesons are in
principle equivalent [21]. Each corresponds to a different
choice of fields for spin-1 mesons. It indicates that one
should expect a solution which can equally well work for
all approaches without an exclusion.
What mechanism might be relevant to this solution?
The purpose of this paper is to show that a simple modi-
fication of the πa1 diagonalization procedure may resolve
the problem of the strong momentum dependence of the
ρππ vertex in the NJL model restoring the ρ-universality.
We also argue that this scheme can be easily extended
beyond the framework of the NJL model.
II. EFFECTIVE LAGRANGIAN
Our starting point is the bosonized version of the
Nambu–Jona-Lasinio model with SU(2) × SU(2) chiral
symmetric four-quark interactions. The Lagrangian den-
sity
L = q¯(iγµ∂µ −M)q + LS + LV , (1)
LS = GS
2
[
(q¯q)2 + (q¯iγ5~τq)
2
]
, (2)
LV = −GV
2
[
(q¯γµ~τq)2 + (q¯γµγ5~τq)
2
]
(3)
includes spin-0, GS , and spin-1, GV , four-quark cou-
plings; M = mˆτ0, mˆ = mˆu = mˆd are the current quark
masses (the isospin symmetry is assumed); τ0 is a unit
2× 2 matrix, ~τ are the SU(2) Pauli matrices; γµ are the
standard Dirac matrices in four dimensional Minkowski
space; in the notation of the quark field q the color,
isospin and 4-spinor indices are suppressed.
To describe correctly the low-energy limit, the La-
grangian must be bosonized and the terms with the
smallest possible number of derivatives selected. The
heat kernel technique adjusts the derivative expansion
in such a way that chiral symmetry is protected. We re-
fer to [18] for a complete and exhaustive treatment of the
model. For our purpose here we need the following result
of such calculations
LB = − mˆ
4mGS
tr (s2 + p2) +
1
4GV
tr
(
v 2µ + a
2
µ
)
+
NcJ1
16π2
tr
{
(▽µs)2 + (▽µp)2
− (s2 − 2ms+ p2)2 − 1
3
(v2µν + a
2
µν)
}
, (4)
where trace is taken over isospin matrices, the covariant
derivatives of the scalar s and pseudoscalar p = ~p~τ , ~p =
(p1, p2, p3) fields together with the strengths of vector
vµ = ~vµ~τ and axial-vector aµ = ~aµ~τ fields are given by
▽µs = ∂µs− {aµ, p},
▽µp = ∂µp− i[vµ, p] + {aµ, s−m},
2vµν = ∂µvν − ∂νvµ − i[vµ, vν ]− i[aµ, aν ],
aµν = ∂µaν − ∂νaµ − i[vµ, aν ]− i[aµ, vν ]. (5)
The constant m represents the contribution to the con-
stituent quark masses due to spontaneous chiral symme-
try breaking. It is determined by the condition which
cancels the s-tadpole term in LB . This condition is
known as the gap equation
m− mˆ = mGS Nc
2π2
J0(m
2,Λ2), (6)
where
J0(m
2,Λ2) = Λ2 −m2 ln
(
1 +
Λ2
m2
)
. (7)
It is assumed that the strength of the quark interactions
is large enough, GS > 2π
2/(NcΛ
2), to generate a non-
trivial, m 6= 0, solution of eq.(6). The non-zero value of
m is held to signal the condensation of quark-antiquark
pairs in the vacuum, i.e. dynamical chiral symmetry
breaking. A finite ultraviolet cutoff Λ restricts the region
of integration in the one-quark-loop integrals and char-
acterizes the energy scale where the model is applicable.
Eq. (4) contains a further remainder of such one-quark-
loop integrations. It is a function J1(m
2) given by
J1(m
2,Λ2) = ln
(
1 +
Λ2
m2
)
− Λ
2
Λ2 +m2
. (8)
Let us write down the chiral SU(2)×SU(2) infinitesi-
mal transformations of meson fields in the non-symmetric
phase. They are
δs = {β, p},
δp = i[α, p]− {β, s−m},
δvµ = i[α, vµ] + i[β, aµ],
δaµ = i[α, aµ] + i[β, vµ] (9)
with the parameters α = ~α~τ/2 and β = ~β~τ/2. It follows
then that
δLB = − mˆ
GS
~β~p. (10)
To avoid the paµ mixing term in LB one should define
a new axial-vector field, a′µ, through the replacement
aµ = a
′
µ + κm∂µp. (11)
This changes the longitudinal component of the axial-
vector field. The factor κ is fixed by the diagonalization
condition
1
2κ
= m2 +
π2
NcGV J1
. (12)
Due to (12) the Lagrangian density LB does not contain
the a′µ∂
µp term. Note that (11) induces the following
changes in the chiral transformation law of a′µ, and, as a
consequence, of its chiral partner vµ [17, 18]
δa′µ = i[α, a
′
µ] + i[β, vµ] + κm{β, ∂µs},
δvµ = i[α, vµ] + i[β, a
′
µ + κm∂µp]. (13)
Since the free part of LB must preserve its canonical
form, one must redefine the fields as
s = gσσ, ~p = gpi~π, ~vµ =
gρ
2
~ρµ, ~a
′
µ =
gρ
2
~a1µ. (14)
The renormalization constants gσ, gpi, gρ and masses of
meson states can be expressed through the four indepen-
dent parameters of the model: mˆ, GS , GV , and Λ
g2σ =
4π2
NcJ1
, g2pi = Zg
2
σ, g
2
ρ = 6g
2
σ, (15)
m2pi =
mˆg2pi
mGS
, m2σ = 4m
2 + Z−1m2pi, (16)
m2ρ =
6π2
NcGV J1
, m2a1 = m
2
ρ + 6m
2, (17)
where Z = (1− 2κm2)−1. From eqs. (17), (12) and (15)
one obtains other useful relations
m2a1 = Zm
2
ρ, (Z − 1)m2ρ = 6m2, (18)
m2ρ =
(
Z
Z − 1
)
g2ρf
2
pi . (19)
From these expressions, one can see that a specific
value, Z = 2, corresponds to the celebrated Weinberg’s
resultma1 =
√
2mρ [22–24] and, at the same time, repro-
duces the KSRF formula for the ρ coupling to the isospin
currentm2ρ = 2g
2
ρf
2
pi [25, 26]. Then the phenomenological
value mρ = 775.26±0.25MeV [27] gives us the estimates
for the a1(1260) meson mass ma1 = 1096MeV, and for
the constituent quark mass m = mρ/
√
6 = 316MeV.
The divergence of the axial-vector current, as it follows
from (10), (14) and (16), is
∂µ ~JAµ = −
∂δLB
∂~β
=
mˆgpi
GS
~π =
m
gpi
m2pi ~π. (20)
This relation is the standard partial conservation law of
the axial current (PCAC relation). Consequently, we ob-
tain the quark analog of the Goldberger-Treiman rela-
tion, which is m = fpigpi, where fpi = 92 MeV is the weak
pion decay constant. Taking the value of fpi as a third
input to fix the parameters of the model, we determine
GV
GV =
1
4f2pi
(
Z − 1
Z
)
. (21)
Again, for Z = 2 we have GV = 1.48× 10−5MeV−2. On
the other hand, from the formula (17) we find
J1(m
2,Λ2) = 8π2
(
fpi
mρ
)2(
Z
Z − 1
)
. (22)
3Solving this equation with respect to Λ, at Z = 2, one
obtains the value of the cutoff Λ = 1520MeV.
Taking as the final input the value of the charged pion
mass, mpi± = 139.57MeV, we are left with the system
of two equations, (6) and (16), to find the values of the
current quark mass mˆ, and the coupling GS . They are
GS =
m2
m2pif
2
pi +
3m2
2π2
J0
= 3.28× 10−6MeV, (23)
mˆ = m
(
1− NcGS
2π2
J0
)
= 1.7MeV. (24)
We now consider the fundamental (for any model of
hadrons) decay ρ→ ππ. The corresponding vertex, as it
follows from the above consideration, has the form
Lρpipi =− i gρ
4
tr (ρµ[π, ∂
µπ]
− Z − 1
2m2a1
ρµν [∂
µπ, ∂νπ]
)
. (25)
It is easily seen from this that on the ρ -meson mass shell
the higher derivative term leads to the coupling of ρππ
interactions
Lρ−massρpipi = −i
gρ
4
(
Z + 1
2Z
)
tr(ρµ[π, ∂
µπ]). (26)
Thus, as in the massive Yang-Millls approach treated in
refs. [8, 20], or in the hidden symmetry scheme [14], the
NJL model suffers from a problem of the strong momen-
tum dependence of the ρππ-vertex. The reason for this
is that the higher derivative term in (25) leads to a cor-
rection arising from the fact that the emitted pions are
not soft. It reduces the ratio gρpipi/gρ = (Z + 1)/(2Z)
from 1 (soft pions) to the value 3/4 at Z = 2 (hard pions
included).
Now, we can deduce that the ρ → ππ decay width
Γρpipi = g
2
ρpipi(m
2
ρ−4m2pi)
3
2 /(48πm2ρ) is strongly suppressed
Γρpipi = 83.7MeV, to be compared with the soft pions re-
sult Γρpipi = 148.8MeV of the model if the higher deriva-
tive term in (25) would be absent. The latter is in fair
agreement with experiment Γexpρpipi = 149.1± 0.8MeV [27].
Most probably this shows that ρ mesons couple univer-
sally to the isovector current fρpipi = gρ. However, we
cannot neglect the gradient-coupling terms in (25) be-
cause they are protected by chiral symmetry of the whole
Lagrangian function (4). We also cannot simply add the
higher derivative terms to the phenomenological meson
Lagrangian, like it has been suggested with regard to this
issue in other approaches [13, 15]. Those solutions are not
applicable to the NJL model. The reason is very simple.
The NJL Lagrangian is totally defined on the quark level.
The bosonization procedure is uniquely determined and
is not compatible with any ad hoc changes at the level of
meson Lagrangian.
III. NEW AXIAL-VECTOR FIELD
To resolve the outlined above problem, we suggest a
simple modification of eq. (11) by including the term
with two derivatives
aµ = a
′′
µ + κm∂µp+ iκ¯[v˜µν , ∂
νp], (27)
where v˜µν = ∂µvν − ∂νvµ, and κ¯ is a constant to be
fixed. The new term changes the transversal part of the
axial-vector field, due to the hard pions effect.
This replacement alters the chiral transformation law
of vector and axial-vector fields. Actually, this follows
from the SU(2) × SU(2) invariance of the combination,
which is bilinear in quark fields q = (u, d)
δ[q¯γµ (vµ + γ5aµ) q] = 0, (28)
where δq = i(α+γ5β)q and δq¯ = iq¯(−α+γ5β). Inserting
(27) in (28) we obtain the following restriction imposed
by chiral symmetry on spin-1 fields
δ
[
q¯γµ
(
vµ + γ5(a
′′
µ + κm∂µp+ iκ¯[v˜µν , ∂
νp])
)
q
]
= 0.
(29)
Gathering separately the factors multiplying γµ and γµγ5
we conclude that (29) is equivalent to
δvµ = i[α, vµ] + i[β, a
′′
µ]
+ iκm[β, ∂µp]− κ¯[β, [v˜µν , ∂νp]], (30)
δa′′µ = i[α, a
′′
µ] + i[β, vµ] + κm{β, ∂µs}
+ κ¯[[β, a˜′′µν + iκ¯Ωµν ], ∂
νp]
+ iκ¯[v˜µν , {β, ∂νs}], (31)
where Ωµν is a short-hand notation for
Ωµν = ∂µ[v˜νσ, ∂
σp]− ∂ν [v˜µσ , ∂σp] (32)
= −[∂σ v˜µν , ∂σp] + [v˜νσ , ∂µ∂σp]− [v˜µσ, ∂ν∂σp].
This combination enters the chiral transformation law of
the vector field strength
δv˜µν = i[α, v˜µν ] + i[β, a˜
′′
µν + iκ¯Ωµν ]. (33)
One can see that the chiral partners vµ and a
′′
µ transform
now nonlinearly under chiral SU(2) × SU(2). This is
not surprising, since a symmetry like chirality does not
manifest itself in linear γ5 invariance relations, but rather
relates a set of processes protected by this symmetry [4].
One must however verify that equations (30) and (31)
represent a self-consistent realization of SU(2)× SU(2).
The consistency requirements that must be satisfied by
the transformation rules are embodied in the Jacobi iden-
tities
δ[12]vµ = [δ1, δ2]vµ, (34)
δ[12]a
′′
µ = [δ1, δ2]a
′′
µ. (35)
Let us check if they are fulfilled. By using the composi-
tion properties of infinitesimal parameters
iα[12] = [α1, α2] + [β1, β2],
iβ[12] = [α1, β2] + [β1, α2], (36)
4we find after some algebraic calculations the desired re-
sult (34)
[δ1, δ2]vµ = i[α[12], vµ] + i[β[12], a
′′
µ] + iκm[β[12], ∂µp]
− κ¯[β[12], [v˜µν , ∂νp]] = δ[12]vµ. (37)
We leave it to the reader’s pertinacity to show that the
second Jacobi identity (35) is also satisfied. Thus eqs.
(30) and (31) are admitted infinitesimal SU(2)× SU(2)
chiral transformation laws.
The phenomenologically successful idea of the univer-
sality of the ρ-mesons [28] can be used to fix the coupling
κ¯. Its value controls the unwanted effect of hard pions
in the ρππ vertex, and, in particular, can be chosen to
suppress it.
Indeed, let us consider again the ρππ vertex. Due to
the replacement (27), it will get new contributions com-
ing out of two terms of the Lagrangian density LB
1
4GV
tr a2µ → −
imκκ¯
2GV
tr (v˜µν [∂
µp, ∂νp]) ,
NsJ1
16π2
tr (▽µp)2 → 4imκ¯NsJ1
16π2
tr (v˜µν [∂
µp, ∂νp]) .
Using eq. (12), to sum these contributions, one finds that
the vertex (25) takes now the form
L′ρpipi = −i gρ
4
tr (ρµ[π, ∂
µπ]) (38)
+ i
gρ
2
(Z − 1)
(
mκ¯+
κ
12
)
tr (ρµν [∂
µπ, ∂νπ]) .
The second term represents the hard pions contribution,
which leads, at κ¯ = 0, to a strong momentum dependence
of the fρpipi(l
2) coupling
fρpipi(l
2) = gρ
[
1− 2(Z − 1)
(
mκ¯+
κ
12
)
l2
]
, (39)
where l is the 4-momentum of the ρ meson. As opposed
to this, the problematic contribution to this coupling can
be totally suppressed with the choice
κ¯ = − κ
12m
= − 1
24m3
(
Z − 1
Z
)
. (40)
In this case the model gives the perfect estimate for the
decay width Γρpipi = 148.8MeV, possessing universality
even for on-shell ρ-mesons l2 = m2ρ, as it follows, for
instance, in the dispersion theory, when only the ρ-meson
pole saturates the isovector electromagnetic form factor
of the hadronic matrix element 〈A|jiµ|A〉.
It is of particular interest to apply our result to the
a1 → ρπ decay. The amplitude which follows from the
Lagrangian density LB under the standard consideration
(κ¯ = 0) is
La1piρ =
i
4
fpig
2
ρZ tr {a1µ[ρµ, π]
+
κ
3
(ρ˜µν [a
µ
1 , ∂
νπ] + a˜1µν [ρ
µ, ∂νπ])
}
, (41)
and, correspondingly, it gives on the a1 and ρ mesons
mass shell
La1, ρ−massa1piρ =
i
4
fpig
2
ρ tr ρµ[π, a
µ
1 ]. (42)
Noting, that fpigρ = mρ
√
(Z − 1)/Z, we recognize here,
at Z = 2, the result obtained by Schwinger [20].
Let us consider corrections induced by the terms with
κ¯. There are the following three new contributions
1
4GV
tr a2µ →
iκ¯
2GV
tr
(
a′′µ[v˜
µν , ∂νp]
)
,
NsJ1
16π2
tr (▽µp)2 → iκ¯m2NcJ1
2π2
tr
(
a′′µ[v˜
µν , ∂νp]
)
,
−NcJ1
48π2
tr a2µν → −iκ¯
NcJ1
24π2
tr
(
a˜′′µνΩ
µν
)
.
These can be summed into
∆La1piρ = iκ¯
NcJ1
12π2
tr
(
m2a1a
′′
µ [v˜
µν , ∂νp]− 1
2
a˜′′µνΩ
µν
)
(43)
After some reordering of derivatives in the second term
(omitting total derivatives), we find
tr
(
a˜′′µνΩ
µν
)
= 2 tr
(
a˜′′µν∂
µ[v˜νσ, ∂σp]
)
= −2 tr (∂µa˜′′µν [v˜νσ, ∂σp])
→ 2m2a1tr (a′′ν [v˜νσ, ∂σp]) . (44)
Here, on the last stage, we show the result which one ob-
tains for on-shell a1-mesons. Inserted back in (43), this
gives ∆La1piρ = 0 for the physical a1. Thus, the κ¯ depen-
dent part of the redefinition (27) does not affect the decay
width of a1 → ρπ, yielding the old result of Schwinger
Γa1→piρ ≃ 200MeV predicted by the phenomenological
Yang-Mills Lagrangian.
Our result differs from the one of Schnitzer and Wein-
berg [29]. In the latter case the modifications of ρππ
and a1ρπ vertices are expressed in terms of a parame-
ter δ. The value δ = −1 leads to ρ-universality on the
mass shell, and affects the a1 → ρπ amplitude, giving
Γa1→piρ = 60.8MeV. Thus, there does not appear to be
an obvious connection between our results and the results
of [29].
IV. CONCLUSIONS
The purpose of this paper has been to resolve the prob-
lem of the strong momentum dependence of the ρππ-
vertex. The aim was to find a general scheme which
could be applicable to all known approaches including
the NJL type models, where the solution had not been
obtained untill now.
The problem has been resolved through an appropriate
extension of the πa1 diagonalization mechanism. The
NJL model has been used as an example. Although we
did not discuss in the text the applications of the method
to other effective Lagrangians, the main idea is clearly
5presented and can be easily applied to any of the models
reviewed, for instance, in [13].
The present results differ from the obtained by other
approaches. More precise measurements of the a1 decay
widths are expected to help in the selection among this
and other solutions.
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